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Abstract 

We construct a topological charge of gauge field configurations on a fuzzy x S"^ 
by using a Dirac operator satisfying the Ginsparg- Wilson relation. The topolog- 
ical charge defined on the fuzzy S"^ x can be interpreted as a noncommutative 
(or matrix) generalization of the 2nd Chern character on S'^ x S'^. We further 
calculate the number of chiral zero modes of the Dirac operator in topologically 
nontrivial gauge configurations. Generalizations of our formulation to fuzzy 
{S"^)^ are also discussed. 



^e-mail address 
^e-mail address 
^e-mail address 



haoki@cc.saga-u.ac.jp 

hirayama@tenor.ocn.ne.jp 

satoshi.iso@kek.jp 



1 Introduction 



Noncommutative geometry [T] appears naturally in string theory [21 [3111], and 
is also encoded in the matrix model formulations of the string theory [3 [S] • In 
the superstring theory, the size of six dimensions is expected to become tiny and 
the ten-dimensional spacetime becomes compactified to four dimensions. Then 
the number of massless fermions, in particular, the number of generations in 
the four-dimensional spacetime is given by the topology of the six-dimensional 
compactified space. Then, if the size of the compactified space is as small as the 
Planck scale, its coordinates may become noncommutative and we will need to 
generalize the notion of topology to noncommutative spaces. 

In ordinary spaces, the topological charge of gauge field configurations can 
be provided by the index of the Dirac operator, i.e., the difference of the num- 
bers of chiral zero modes, via the index theorem [7]. Generalizations of the 
index theorem to noncommutative spaces are, however, mostly formulated in 
spaces with an infinite size, and it is widely believed that topological charges 
cannot be defined in a system with finite degrees of freedom. 

The situation is similar to the lattice gauge theories, where the theory is 
defined on a finite number of lattice points and the total degrees of freedom are 
finite. There a problem to properly define the chiral symmetry and the index 
theorem arises due to the doubling problem [8]. The problem has been solved 
successfully by introducing Dirac operators satisfying a Ginsparg- Wilson (GW) 
relation [9] . While all the gauge field configurations are continuously connected 
and there seems to be no room for defining separate topological sectors in such 
systems with finite degrees of freedom, the configuration space becomes discon- 
nected by introducing the admissibility condition, and the various topological 
sectors can then be realized |10j . 

In a previous paper [TT], we have proposed to use the GW relation to define 
a topological charge and to classify the gauge field configurations in noncom- 
mutative spaces with finite degrees of freedom. We have provided a general 
prescription to construct a GW Dirac operator with a coupling to background 
gauge fields. As a concrete example, a GW Dirac operator on the fuzzy 5^ was 
given. (See also |12j for an earlier construction of the GW Dirac operator on 
fuzzy 5^ without the background gauge field. jl| 

In this paper, we further apply the proposal in ref. [11] to fuzzy x S*^. 

^ In the case of noncommutative tori, the gauge fields are represented by unitary matrices 
of Wilson lines and a GW Dirac operator can be constructed similarly to the lattice gauge 
theory. It was given in [TT and analyzed in [14) . For constructions of the GW Dirac operators 
in gauge field backgrounds with nontrivial topology, see [151 I16[ for fuzzy and [17] for 
noncommutative tori. 
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We first construct a GW Dirac operator on fuzzy S"^ x S^cl Owing to the GW 
relation, the topological charge is given by the index of the Dirac operator. We 
then study the commutative limit of the topological charge. It becomes a sum 
of the 2nd Chern character on S"^ x S'^ and the 1st Chern character. We also 
investigate the chiral zero modes of the Dirac operator for some specific gauge 
field backgrounds and confirm that the index of the Dirac operator takes the 
consistent values. We finally generalize our formulation to fuzzy {S'^)^. 

The paper is organized as follows. After briefly reviewing the GW relation 
on fuzzy 5^ in section [21 we construct a GW Dirac operator on fuzzy 5^ x S"^ 
in section [3l In section HI we calculate the commutative limit of the topolog- 
ical charge. We then study the chiral zero modes of the Dirac operator for 
the free case in section 15.11 and for the monopole backgrounds in section 15.21 
Here we also introduce a projected topological charge that gives correct values 
for topologically nontrivial gauge field configurations. Generalizations of our 
formulation to fuzzy (5^)^ are given in section El Section [71 is devoted to con- 
clusions and discussions. In appendices Rl and iBl we give detailed calculations 
of the commutative limit. In appendix [Cl a full spectrum of the Dirac opera- 
tor for the free case is obtained. A calculation of the topological charge for a 
modified Dirac operator is given in appendix [Dl 

2 Brief review of GW relation on fuzzy S*^ 

We first briefly review the Ginsparg- Wilson (GW) relation on a fuzzy S*^, fol- 
lowing the prescription given in ref . [IT] . 

Noncommutative coordinates of fuzzy 5^ are given by xi = fiLi, where ^ 
is a noncommutative parameter, and Li is the n-dimensional irreducible rep- 
resentation matrix of the SU{2) algebra. Then we have the relation (xj)^ = 
A*^^^^^ln = P^ln, where p = [i\J [rP- — l)/4 expresses the radius of the S"^ . The 
commutative limit is taken by ;U — > 0, n ^ oo with p fixed. 

In our formulation of the GW relation, we first define two chirality operators 

as 



^ A Dirac operator on fuzzy x 5*^ without the GW relation was given in [18] . Dynamics 
of gauge theory on fuzzy 5^ x 5*^ was studied in [19] . 




(2.1) 



(2.2) 
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with covariant coordinates 

{Ai)x = {Li + pai)x ■ (2.3) 

The subscript X = 1,2 will be used for labeling each 5^ of S'^ x S"^ in the 
following sections, and it can be ignored in the present section. The superscript 
R in means that this operator acts from the right on matrices, while the 
other operators without the superscript R act from the left. The number a = 
2/n serves as a noncommutative analog of the lattice spacing, and is the 
Pauli matrix. The matrices in (|2.3p represent the gauge field, and the gauge 
transformation for the covariant coordinate is given by Ai UAiUl The 
fermionic fields V on which these chiral operators act are in the fundamental 
representation of the gauge group, and the gauge transformation is given by 
^ Uip. Hence, both Txip and FxV' transform covariantly as Txip ~^ UTxip 
and Txtp UTxtp- U{n) gauge symmetry can be realized by taking Lj = Lj0l 
and Oj = a'^T"', where T"'s are the generators of U{n) and a"'s are functions of 
the coordinates Lj. 

From the definitions (|2.1|) and (|2.2|) . the chirality operators satisfy the rela- 
tions 

{Tx)^ = Tx, {rx)^ = tx, iTxf = ifxf = l- (2.4) 

One can also show that in the commutative limit, both Tx and Tx become 
the same chirality operator jx = {'ni(Ti)x on a commutative 5^ where (nj)x = 
{xi)x/ P is a unit vector on S"^. 

We next define a GW Dirac operator by 

{DGw)x = -a-\T -t)x ■ (2.5) 

It satisfies the GW relation 

(r^GW + ^Gwf )x = . (2.6) 

Hence, the index, i.e., the difference of the numbers of the chiral zero modes, 
is given by the trace of the chirality operators as 

index((DGw)x) = \Tr [T + t]x ■ (2.7) 

Here Tr is the trace in the whole configuration space, that is, over the spino- 
rial index, the gauge group index, and the matrix space representing the co- 
ordinates. Since the definition of Tx depends on the gauge field backgrounds, 
the right-hand side (rhs) of (j2.7p gives a noncommutative generalization of the 
topological charge. Thus, eq. (|2.7|) gives an index theorem on fuzzy S"^. 
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In the commutative hmit, the Dirac operator (j2.5p becomes 

(^Gw)x -^D'^ = + pP^ja,) + l)^ , (2.8) 

where = —ieijkXjdkS are the derivative operators along the Killing vectors 
on S"^, and Pij = Sij—niUj is the projection operator on the tangential directions 
on S"^. The tangential components of the gauge field ai represent the gauge field 
on S"^ while the normal component becomes a scalar field cj) = riiai. Because 
of the GW relation, the Dirac operator is not coupled to the scalar field, since 
such a coupling would violate the chiral symmetry on S"^ and contradict with 
the GW relation. 

The commutative limit of the topological charge, the rhs of ()2.7p . is shown 
to become [m [20] 

^Tr [T + t]x^p^(^J ^tr (e^.-fcrifeF,,)^ , (2.9) 

where tr is the trace over the gauge group. The field strength Fij is defined as 
Fij = dia'j — dja'- — i[a[,a'j], where a[ is the tangential components of the gauge 
field, given as a'^ = e^krijak- This is the integral of the 1st Chern character on 
a commutative S'^. 

In order to construct topologically nontrivial configurations, we need a bit 
more modification [211 [13 [13 [16]. Consider, for instance, U{2) gauge the- 
ory on the fuzzy S'^. Then some gauge field configurations Oj break the U{2) 
gauge symmetry to U{1) x U{1). They correspond to nontrivial elements of 
Il2{SU{2)/U{l)) and physically to the 't Hooft-Polyakov-type monopoles. A 
topological charge can be also constructed by modifying the index theorem (by 
inserting a projection operator), and it correctly reproduces the topological 
charge of such configurations. This issue is discussed later in section [52] for the 
case of fuzzy 5^ x S*^. 



3 GW relation on fuzzy S'^ x S*^ 

We now construct a GW Dirac operator and the corresponding topological 
charge on fuzzy S"^ x S"^. 

As in fuzzy S'^, we first define two chirality operators as 

r = FiFa , (3.1) 

f = (3.2) 



where Tx and Tx with X = 1,2 are the chirality operators on each fuzzy 5^ 
labeled by X. They are given in ()2.ip and (j2.2p . For simplicity, we take the 
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radii of the two spheres equal. Note that while the index i of the gauge field 
{ai)x refers to each labeled by X, the gauge field depends on the coordinates 
of both S'^'s, {Li)i and (Lj)2. 
From (f2ll) and (f2?2]l . one has 

[ri,r2] = [ri,f2] = [fi,r2] = o. (3.3) 

One can also show from (j2.4p that 

{fi, f2}2 = 4+[fi, f2]^ (3.4) 

where the second term is of order 0{n~'^), as is shown below (jA.Sp . 

From the relation of the chirality operator (j2.4p on each sphere, the chirality 
operators (|3.ip and (|3.2p on S*^ x S'^ also satisfy the same relations 

(r)t = r, (f)t = f, {Tf = (tf = i. (3.5) 

One can also show that in the commutative limit, both operators, F and F, 
become the same chirality operator 7 = 7172 on a commutative S"^ x S"^. The 
second term of (j3.4p does not contribute to the commutative limit of (|3.2p 
because of the 0{n^^) behavior. It should be, however, noted that this term is 
relevant in calculating the commutative limit of the topological charge. 
We then define a GW Dirac operator as 

DGW = -a-\T-t) , (3.6) 

which satisfies the GW relation 

TDgw + Dcwt = (3.7) 

and the index theorem 

index(DGw) = ^rrlT + f ] , (3.8) 

where Tr is the trace over the whole configuration space, that is, over the 
spinorial indices of both spheres, the gauge group index, and the matrix space 
spanned by polynomials of the coordinates (Lj)i and (Lj)2. 

The commutative limit of the Dirac operator can be similarly obtained. 
Using the relation 

1 



F1F2 - F1F2 2 



(Fi-Fi)(F2 + F2) + (Fi+Fi)(F2-F2)J , (3.9) 

and ()2.8p . one can show that in the commutative limit the GW Dirac operator 
()3.6p becomes 

L>GW^^W2+7l^2 , (3-10) 
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where D'j^ and are Dirac and chirality operators on each 5^. This is not 
exactly the same as the ordinary Dirac operator on a commutative 5^ x S"^ [§, but 
we will show later that the Dirac operator (|3.6p suffices to define a topological 
charge on fuzzy S"^ x S"^. 

Our formulation has the following nice properties. First, it is manifestly 
covariant under the gauge transformation 

{Ai)x^U{A,)xU^ (3.11) 

for both X = 1, 2 with a common [/, which is a general unitary matrix depend- 
ing on the coordinates of both spheres, (Li)i and (Li)2- Second, the GW rela- 
tion assures the topological property of the index and the topological charge. 
Finally, the formulation has manifest 50(3) x 5*0(3) Poincare invariance on 
S"^ X S"^. Because of these properties, the commutative limit of the topological 
charge we have defined should become a sum of the 1st and the 2nd Chern 
characters on S"^ x S"^. This is what we will show in the next section. 



4 Commutative limit of the topological charge 

In this section, we calculate the commutative limit of the topological charge 
defined in the rhs of ()3.8p . As we discussed at the end of the previous section, 
the result should be a linear combination of a constant, the 1st Chern character 
and the 2nd Chern character. 
Tr [r] is easily calculated as 

Tr[T] =Anhi{l) , (4.1) 

where tr is the trace over the gauge group space. 

On the contrary, the evaluation of Tr [F] is more involved. As we show in 
Appendix|Xl by expanding it in the gauge fields, it becomes a sum of five terms 
if we take terms up to order n~^: 



Tr [f ] = Tr 



n 



(4.2) 



Taking the planar limit at the north pole [ni)x=i ~ {ni)x=2 ~ 5i,3, the 4 di- 
mensional gamma matrices become 71 = ((Ti)x=i(cr3)x=2, 72 = {o-2)x=i{o-i)x=2, 73 = 
{a3)x=i{o'i)x=2, 74 = (c'"3)x=i(o"2)x=2, and they do not satisfy the 50(4) Clifford algebra. 
However, if one multiplies the GW Dirac operator (|3.6p by Fi from the left in the definition, 
for instance, then in the commutative limit, the gamma matrices are multiplied by (cr3)x=i 
from the left, giving 71 = i(cr2)x=i(o-3)x=2, 72 = —i{o-i)x^i((J3)x=2, 73 = icri)x=2, 74 = 
(o"2)x=2, which satisfy SO{2,2) Clifford algebra. 
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The terms of order 0{n ^) vanish in the commutative hmit, since the trace Tr 
gives a contribution of order n^. Each term is given by 

Gi = aia2 , (4.3) 



G2 = cr+cn+{«2, cr+cnj , (4.4) 

Gs = l({au Cf } + {«2, Cf^}) , (4.5) 



G. 



- l{{ci''+c?\i'' + c?}) , (4.6) 

Gs = -la,a2([au C?]-[a2, c['^] + [Ci'\ d'^])' , (4.7) 



where ax and are 0-th and i-th order in the gauge field {ai)x, and are 
defined by (|A.2p and (|A.4p - (jA.6p . The last term G5 comes from the denom- 
inator of (j3.2p . Contrary to the commutative limit of the chirality operators 
or the Dirac operator, we should take care of the order 0{n~'^) term from the 
denominator. 

The first term Tr [Gi] becomes a constant 

Tr[Gi] = 4n2tr(l) . (4.8) 

It is the same as (|4.ip . The commutative limit of Tr [G2] can be calculated as in 
(]2.9p for the fuzzy S*^, and gives terms proportional to the 1st Chern character 
on each sphere: 

of dQi d^2 

Tr [G2J ^ 2n • 2p / ^;^^;^tr [eabcricFab + ^ijknkFij) . (4.9) 

:,2 



The indices a, 6, and c refer to the first S\ while the indices i, j, and k refer to 
the second S"^ . Note, however, that the field strength, Fab{^i, ^2) and Fij{Q.i, 
^12)) can depend on the coordinates of both S"^. In this sense, ()4.9p represents a 
generalized 1st Chern character defined on a commutative S'^ x S^. Since (j4.9p 
is of order n, the subleading order terms in in G2 give a finite contribution. 
The commutative limit of Tr [G3] also gives a finite contribution. Since these 
terms vanish for the configurations that will be discussed later, we do not write 
these terms explicitly in this paper. We will study topological charges for more 
general configurations in a separate paper. 

The commutative limit of Tr [G4] can also be calculated as in (j2.9[) and 
becomes 

Tr [G4] ^ (2p2)2 J ^^tr (eabcricFabeijknkFij) . (4.10) 

Remarkably, as we show in Appendix |Bl the commutative limit of Tr [G5] 
becomes 

Tr[G5] ~^P'^ j i^abcriceijknkFaiFbj) . (4.11) 
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Note that the field strengths with indices from different spheres, F^i and Fhj, 
arise here. Combining these two terms we obtain 

Tr[Gi + G5]^Ap^ j ^^eabcnceiJknktr:iFabFiJ-Fa^Fhj+FaJFhi) . (4.12) 

This gives an integral of the 2nd Chern character on a commutative x S^. 

To summarize, the commutative limit of the topological charge on 5^ x 5^ 
becomes 

^Tr[T + t] 

, 2 / \ if / ,-, \ 

^ 4n tr (1) + 2np I ^^;^tr {<^abcncFab + ^ijknkFij) 
4 f dVii dVt2 

+2/0 / -^^;^eabcnceijknktT{Fab Fij FaiFbj -\- FdjFbi) . (4.13) 
In the differential forms, it is rewritten as 

j tr {n^d^id^2 + n{d^iF2 + d^ai^i) + 2^(^2)12) , (4.14) 



with 



1 2, 



Fx = -j^P {d^ (■ijknkFij)x , (4.15) 

2! / \ 

{F'^)xy = -^p^dVLxd^Y[eabcnc(^ijknk{FabFij - FaiFbj + FajFbi)j ^^4.16) 



Here dClx is the volume form on each S'^. In the flat limit, F and become 
familiar forms on each S'^ and S'^ x S'^ respectively: 

Fx ^{Ff,udXf,Adx^)x, (4.17) 
{F^)xY ^{Ff^uFxpdXf, A dx^ A dxx A dxp)xy • (4.18) 

The first and the second terms in ()4.13p and (j4.14p are proportional to n? 
and n respectively, and they diverge in the commutative (large n) limit. The 
third term is also twice the 2nd Chern character, and the topological charge 
we have defined by the GW Dirac operator is different from the index of the 
ordinary Dirac operator on x S'^. This is because the Dirac operator is 
different from the ordinary one as we discussed below (jS.lOp . We will discuss 
origins of each term in (j4.13p and (|4.14p by investigating the chiral zero modes 
in the following sections. 

While the topological charge defined this way contains various topological 
invariants, we can, nevertheless, extract the 2nd Chern character. In order to 



9 



define a noncommutative analog of tlie 2nd Cliern cliaracter on 5^ x 5"^, we 
subtract tlie extra pieces as follows: 

-Jr [r + f ] - i-Tr [T, + t,] - 1-Tr [T, + t,] - ^^Tr [1] . (4.19) 

Each term is a topological invariant on fuzzy S'^ x S'^ and is well-defined on it. 

5 Chiral zero modes 

In this section, we explicitly calculate the number of chiral zero modes in some 
specific configurations and compare it with the topological charge in the com- 
mutative limit, (I4.13|) or (I4.14p . Especially we discuss why the index explicitly 
depends on the size n of the matrices. 

5.1 Chiral zero modes for the free case 

We first investigate the chiral zero modes of the GW Dirac operator for the 
free case where the gauge field vanishes. Even in the absence of the gauge field, 
there exist chiral zero modes of the GW Dirac operator and they give the first 
term of (I4.13P or (14.141) . We here consider ?7(1) gauge group, for simplicity. 

In the free case, we have a simple relation [ri,r2] = 0, and the chirality 
operator (j3.2p can be simplified as T = rir2- Using the relation (jS.Op . the GW 
Dirac operator ()3.6p is also simplified as 

Dgw = Di + D2 (5.1) 

where 

A = -^a"Hri-fi)(r2 + f2) , z?2 = -^a~i(ri + fi)(r2-f2) . (5.2) 

Using (|3.3p . [El, 1^2] = 0, and (|2.4p . one can easily show the following GW 
relations for each Da'- 

TDi + Dif = , TD2 + D2f = , (5.3) 

where P and T are the chirality operators on the fuzzy S'^ x S'^ defined in (j3.ip 
and (|3.2p . One can also show 

[Di, D2] = 0. (5.4) 

Now consider states with zero eigenvalues of the Dirac operator Dqw- The 
chirality operators can also be diagonalized in this space owing to the GW 
relation (j3.7p . Hence we consider a state \ip) satisfying 

Z?Gw|^> = , r|v) = f IV') = ilV-) • (5.5) 
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Then from (j5.3p and (j5.4p . we have 

DGwDa\^) = , TDa\^) = tDa\^) = T^alV') , (5-6) 

for a = 1,2. Therefore, if either -Di|^) / or Z)2|V') / is satisfied, the 
contributions to the index of -Dgw cancel each other by and Da\'4')- Thus a 
chiral zero mode that can contribute to the index must satisfy Di\tjj) = and 
-C2IV') = 0- From ()5.2p . a zero mode of Di is given by a zero mode of Ti — Ti 
or a zero mode of r2 + owing to [Fi — Fi, F2 + F2] = 0. Similarly, a zero 
mode of D2 is given by that of Fi + Fi or F2 — F2. 

We then study each fuzzy S"^ separately in order to find zero modes of the 
operators (Tx i Fx). Our formulation has SO{'i) Poincare invariance on each 
S"^, whose generators are written as 

(M,)x = {U - Lf + . (5.7) 

We then consider the eigenstates of the Casimir operator 

Y,{Mifx\Jx) = Jx{Jx + Wx) ■ (5.8) 

i 

One can show from the SU{2) algebra of (j5.7p that the spin Jx takes values 
Jx = 5,|,---,n — ^. There are some degeneracies in the states \Jx)- In 
addition to the {2Jx + l)-folded degeneracy associated with (Ma)^, the state 
I Jx) has a two- folded degeneracy for Jx = |) ' ' ' 1" ~ f- The highest spin 
state with Jx = n — i, however, does not have this two- folded degeneracy. 
As we show in detail in the Appendix [Cl we can see that the Dirac operator 
(F — T)x on each S'^ does not have a zero mode at all in the free case. On the 
other hand, the operator (F + T)x does have zero modes in the highest spin 
states with Jx = n — [See a comment below ()C.9p .] One can also show that 
^x\Jx = n - i) = -tx\Jx = n - i) = -\Jx = n - i). 

Therefore, coming back to the fuzzy 5^ x S'^, the chiral zero modes of the 
Dirac operator -Dgw ^ire given by the highest spin states with Ji = J2 = n — ^. 
The chirality defined by an eigenvalue of (j3.ip and ()3.2|) is 1 for all of these 
states. The degeneracy of these states is (2Ji + 1)(2 J2 + 1) = 4n^, which indeed 
gives the first term of (|4.13p . 

In the commutative limit, the operator (F + T)x becomes proportional to 
the chirality operator on each S"^ and does not have zero modes. In the case of 
the fuzzy S"^, the highest spin states have nonzero eigenvalues of the GW Dirac 
ope^tor ea and do not contribute .0 the indexQ In fuzzy S"^ x S^, however. 

The highest spin states have zero eigenvalues of the Dirac operator with exact chirality 
[22] . but have nonzero eigenvalues of the Dirac operator introduced in [23 and the GW Dirac 
operator (|2.5p . 
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as we have shown above, these states become zero modes of the Dirac operator 
(jS.ip since it contains the operator (T + T)x- This is the reason why, even for 
the free case, there is a nonvanishing term in the topological charge defined by 
the Dirac operator. 

5.2 Monopole configurations and ciiiral zero modes 

In this section, we consider a monopole configuration as topologically nontrivial 
gauge field configurations. We also introduce a modified index theorem and 
a topological charge that gives nonvanishing values for such configurations. 
We then investigate the chiral zero modes of the GW Dirac operator in these 
backgrounds. 

In the case of the fuzzy S'^, we constructed a 't Hooft-Polyakov monopole 
configuration where the gauge symmetry group U{2) is spontaneously-broken 
down toC/(l)xC/(l)[2ll[20l[l5l[l6]. Since the diagonal is decoupled in the 
commutative limit, we discuss only the SU{2) part of the gauge group in the 
following. With the SU{2) gauge group broken down to U{1), this configuration 
is interpreted as the 't Hooft-Polyakov type monopole containing both of the 
scalar field with a nonvanishing vev and the monopole gauge field configuration 
on 52. 

Analogously, we now consider U{2) x U{2) gauge theory on fuzzy x 
S^. In the presence of the monopole configuration, the gauge symmetry is 
spontaneously broken from SU{2) x SU{2) to U{1) x U{1). The monopole 
configuration we will investigate is the following: 

{Aa)l = La I2 «) I2 + In ® y ® I2 = ( " 1 I2, 

(5.9) 

{Ai)2 = Li I2 «) I2 + In ® I2 y (5.10) 

where {Aa)i and {Ai)2 are covariant coordinates of the first and the second 
sphere. The second and the third factors in the tensor product refer to spin 1/2 
representation of each SU{2) in the SU{2) x SU{2) gauge group respectively. 
The equality = means a unitary equivalence, and we have combined the first 
two spaces, i.e., matrix space representing the coordinates and the first SU{2) 
space, into a single matrix representation. (^1)2 can be similarly written. Each 
of the configurations describes the 't Hooft-Polyakov type monopole on each 
and wraps around the 5^. The normal components of the gauge fields, 
which are interpreted as two scalar fields on S'^ x S^, have nonvanishing vev's 
and break the gauge symmetry. 
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More generally, we can consider the following type of configurations: 



/ ^(n+mi) \ 
iAa)l={ " j®l2. (5.11) 



A generalized (Aj)2 can be written similarly. For such configurations, the rela- 
tion (^1)2] = is satisfied. 

Although they are the noncommutative analogs of topologically nontrivial 
configurations, the topological charge defined in (j3.8p vanishes for these config- 
urations. This can be understood as follows: In the presence of the monopole 
configurations, the gauge group is spontaneously broken from SU (2) x SU (2) to 
U{l)xU (1). A fermionic field in the fundamental representation of each SU (2) 
is decomposed into two fermions with opposite electric charges ±1/2 of each 
of the unbroken C/(l)'s, and they cancel the topological charge, or the index of 
the Dirac operator. 

We thus have to modify the index theorem (13. 8p to pick up one of the 
fermions with ±1/2 electric charges. As is shown in section II D of ref.[l5], we 
can prove the following index theorem in the projected space: 

index (p,("^'"^)pf^'"^)z)Gw) =^Tr [P,("±'"i)p2^"±'"^^(r±f)] , (5.12) 

where p^^'^^^ jg tj^e projection operator on the Hilbert space with n ± mx 
dimensions in (jS.lip . The projection operator is written as 

pin±m,) = ^(^l^Tx), (5.13) 



with 



= ^ f iA,f - "' + '"^-' ) = ( , ] . (5.14) 

nmx V 4 y \ -1. 



'-n—mx 



Here we have left out the extra I2. The operator Tx is interpreted as an 
electric charge operator of the unbroken U{1) gauge group. Its commutative 
limit becomes the normalized scalar field as 

Tx ^ 2^'x , (5.15) 

where (f)'x = 4>'x\ with ^Jy4>'xf' = 1- Without loss of generality, we hereafter 
consider only the following projection: 

with mx > 0. 
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Following the same calculation that led us to ()4.13p in section [H the com- 
mutative limit of the rhs of (j5.12p becomes 

^Tr [Pi Pa (r + f)] ^ 4(n + mi)(n + m2) 

-^eijkrikir 2{(t)'2Fij) + 2(n + ^2)/)^ / ^eabc^^c tr i(</>'iFafc) 

+'^P^ J ^^'^(^abcriceijknktr i{(p[Fab)tr 2{(l)'2Fij) , (5.17) 

where the tr x stands for the trace over the SU{2)x gauge group. The monopole 
configuration (|5.1ip has the monopole number (— mx), and its 1st Chern char- 
acter on each S'^ becomes {—nix), as is shown below in (j5.2ip . Then, (|5.17p 
becomes 

4(n + mi)(n + 7712) + 2(n + mi)(— 7712) + 2(n + m2){—mi) + 2(— mi)(— 7712) 
= 4n^ + 2n{mi + 1712) + 2mim2 ■ (5.18) 

In the following, we will calculate the both-hand sides of (j5.12p at the matrix 
level, i.e., before taking the commutative limit, and check that the result agrees 
with ()5.18p . We then investigate what kind of chiral zero modes contribute to 
each term in (j5.17p . 

We first calculate the rhs of (|5.12p . Because of the relation [(Aa)i, (^2)2] = 
0, it can be written as 

i(Tri[Piri]rr2[P2r2]+rri[Pifi]rr2[P2f2]) . (5.19) 

Each factor can be evaluated as 

Trx[PxTx] = -2{n + mx) , Trx[Pxrx]=2n . (5.20) 

The operator Tx takes its eigenvalue ±1 in n =p 1 dimensional representation 
space of the operator —Lf + ai/2. By counting the total dimensions of the 
space, including the space on which PAi acts, one obtains the first result. The 
second result is similarly obtained. [See eqs.(3.34) and (3.36) in [20j.] Then one 
can obtain the monopole charge on each 5^ as 



— J r 
2 



Px(Xx+rx) =-mx . (5.21) 



Substituting (j5.20p into (|5.19p . we obtain 
1 



2 ^(-2(n + mi)) (-2(n + 1712)) + {2nf) , (5.22) 
which indeed agrees with the above calculation in the commutative limit (j5.18p . 
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We next calculate the left-hand side (Ihs) of (j5.12p by counting the chiral 
zero modes of the GW Dirac operator in the monopole backgrounds. The 
commutativity [ri,r2] = holds because of the relation [(^0)1,(^4)2] = 0. 
Then, the chirality operator (13. 2p reduces to T = rir2, and the GW Dirac 
operator in the projected space becomes 

P1P2-DGW = P1P2D1 + P1P2D2 (5.23) 

with Di and D2 given in (j5.2p . The arguments we have given in the free case 
can be applied to the present case, and it is sufficient to investigate the zero 
modes of the operators PxiJ^x — ^x) and Px{^x + fx) on each fuzzy S"^. 

We then classify the states in terms of the Casimir operator of the SO (3) 
Poincare symmetry on each S"^. Generators of the 50(3) symmetry are given 
by 

{Mi)x = {PA-Lf+'^)x , (5.24) 

where Aj's are generalized monopole configurations (jS.lip . We consider eigen- 
states of the Casimir operator X]j(Mj)^ as in (jS.Sp . As is shown in detail in 
section III of ref. [I5], in addition to the {2Jx + l)-folded degeneracy, the state 
\Jx) has an extra two- folded degeneracy for Jx = . . . ,n + 

while the lowest spin sate with Jx = -^^^^ and the highest spin state with 
Jx = n + do not have such two-folded degeneracy. The lowest spin 
states are shown to be zero modes of the operator Px(r — T)x, while the 
highest spin states are zero modes of the operator Px(r + r)^- The other 
states have nonzero eigenvalues for both of these operators. One can also 
show that TxlJx = ^) = fx|Jx = ^) = -\Jx = ^) and that 
rx\Jx = n + ^) = -tx\Jx = n + ^) = -\Jx=n + ^). 

Consequently, coming back to the fuzzy S'^ x S'^, the chiral zero modes of 
the GW Dirac operator Pii-*2-DGW in the monopole background (j5.1ip are given 
by the lowest spin states with Ji = J2 = ^^^^y^ and the highest spin states with 
Ji = J2 = n+ . The chirality defined by an eigenvalue of ()3.ip and (13. 2p is 
1 for all of these states. The index of the Dirac operator P1P2-DGW is, therefore, 
given by counting the degeneracy of these states as 

17111712 + (2n + mi){2n + 7712) . (5.25) 

This again agrees with the topological charge in the commutative limit (j5.18p . 
Incidentally, the states with Ji = ^^^^^ , J2 = n + ^^^^^ have nonzero eigenvalues 
of the operator P1P2D2, and hence do not give chiral zero modes of the Dirac 
operator PiP2-C'gw- Neither do the states with Ji = n + J2 = 

contribute to chiral zero modes of the Dirac operator PiP2L'gw- 
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Note that the lowest spin states are responsible for the first term of (j5.25p . 
This is half of the last term in the rhs of (jS.lSp . and exactly matches with 
an integral of the 2nd Chern character in the monopole background we are 
considering. This is reasonable since the lowest spin states correspond to the 
chiral zero modes of the Dirac operator in the commutative theory. All the 
other contributions to the zero modes in (j5.25p , and hence in (j5.18p and (j5.17p , 
come from the highest spin states, which do not have corresponding chiral zero 
modes in the commutative theory. Going back to the formula (j4.13p . we can 
similarly infer the origins of various terms. 



6 Generalization to fuzzy (5^)^ 

In this section, we generalize our formulation to fuzzy [S'^)^. As in the fuzzy 
5^ X 5^, we first define two chirality operators as 

r = Fi-.-Ffc, (6.1) 
F = , , (6.2) 

^(fi---ffc + ffc---fi)2 



which satisfy ()3.5p . As in (13. 4p . the denominator is written as 

(fi---ffc + ffc---fi)2 = 4 + (fi---ffc-ffc---fi)2 . (6.3) 

The second term is of order 0{n~'^), since [FxiFy] is of order 0{n~'^) as is 
shown below (jA.SP . We then define a GW Dirac operator as in (|3.6p . It satisfies 
the GW relation (j3.7p and the index theorem (j3.8p . 

Analogously to (j3.9p . the following relation is satisfied: 

Fi • • • Ffc — Fi • • • Ffc 

fc 

= ^ E \{^- (-1)^^-"^) n (r^ + (-ir^r^) '(6-4) 

,rafc=0,l X=l 

where the product respects the ordering of operators from X = 1 to X = k. 
The coefficient (1 — (—1)^-^=1 "'^) ensures the number of operators (F — F)x in 
the product to be odd. Since Tx and Tx become the same chirality operator 
in the commutative limit, those terms with smaller number of (F — T)x in (j6.4p 
are more dominant in the commutative limit. 

Then, as in (|3.10p . the commutative limit of the GW Dirac operator p.6p 
becomes 

-Dgw ^Wa • • • 7fc + 71-^273 • • • 7fc H h 71 • • • 7fc-i^fc > (6-5) 
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where only the terms with one of the nx's being 1 in ()6.4p contribute. This is 
a generahzed Dirac operator on a commutative {S'^)^. [See the discussion after 
eq. ^M-] 

The commutative hmit of the topological charge, the rhs of (j3.8p . gives a 
generalization of (j4.13p and (|4.14p . We now conjecture the result as follows: 



k 

^Tr [T + f ] ^ (1 + {-l f)2''-\hv (1) + 2^-^ ^ n'^^'Q . (6.6) 



i=l 



The coefficient (1 + (—1)^) in the first term represents that this term vanishes 
when k is odd. This is because the contributions of the two chirality operators 
cancel for odd k. The integral of the i-th Chern character Cj is defined as 




(6.7) 



For instance, {F)x and (F^)xy are given in (|4.15p and (|4.16p . and {F^)xyz is 
written as 

3! 

-^P^dQ.xd^Yd^z{^abcnc^ijknk^xyznz{FahFijFxy — FaiFhjFxy 

'\~ F[ij FfjiFxy Fo^fyFixFjy + Fo^fyFiyFjx FnxFhyFij + FnyFj^xFij 

'^FniFlyxFjy FniFfjyFjx F^jFlyxFiy + F^jFl/yFix 



FaxFbiFjy + Ff^yFifiFjx -\~ Fq^xF^j F^y Fo^yFjjjFixjj^^^ ) (^•^) 

where the indices a, 6, and c refer to the sphere X, the indices i, j, and k to 
the sphere Y, and the indices x, y, and z to the sphere Z. Note, however, that 
the field strength depends on all of the coordinates, such as Fab{^i, ■ • • ,^k)- 
Only the highest Chern character term in (j6.6p is independent of the size n of 
the matrix. It is important to show the conjecture (|6.6p explicitly by taking 
the commutative limit as we did for the fuzzy S"^ x in section HI It needs 
involved calculations and we will report it in a future publication. 

We here demonstrate the justification of (j6.6p by considering a topologically 
nontrivial configuration, i.e., a monopole configuration in {SU{2))'' gauge the- 
ory on fuzzy (S"^)^. It is a generalization of (|5.1ip . As in (|5.12p . we consider 
the index theorem in the projected space 

index (Pi • • • PkDcw) = ^Tr [Pi • • • P^ (T + f )] . (6.9) 
If the conjecture (|6.6p holds, then as in (j5.17p . the commutative limit of the rhs 
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of (16.91) becomes 



— 1 r 
2 



Pi---Pfc(r+f) ^ (l + (_l)^')2^-i J](n + mx; 

+2^-1^ 
1=1 



E 

l<Xi<-<Xi<A: 



(6.10) 



The monopole on each S"^ gives the 1st Chern character {—mx)- Fohowing the 
same calculation as in (I5.18p . (IG.lOp becomes 



(1 + (-1)'=)2'=- 



n 



k~i 



i=l 



^ mxi • • • mx, ■ (6.11) 

l<Xi<--<Xi<fc 



In the following, we will evaluate the both-hand sides of (16. 9p at the matrix 
level, i.e., before taking the commutative limit, and show that the results agree 
with the conjectured topological charge in the commutative limit (j6.1ip . 

Following the same calculations in (jS.lOp and (j5.22p . the rhs of ()6.9p for the 
monopole background becomes 



(k k \ 

n Trx[PxTx] + n 'Trx[Pxfx]\ 
X=l X=l / 



'-2{n + mx)) +(2n)'= , (6.12) 
\x=i / 

which indeed gives (jG.lip . 

We can also evaluate the Ihs of (j6.9p by counting the chiral zero modes of 
the Dirac operator. Denoting each term in ()6.4p as Da with a = 1, . . . , 2^~^, 
we obtain a generalization of eq. (|5.23p . The same arguments we have given 
in the S*^ x S'^ case hold in the present case: A chiral zero mode of the Dirac 
operator Pi • • • P^Dq^j^ must be a simultaneous zero mode of all the operators 
Pi • • • Pfc-Da with a = 1, . . . , 2^~^ . A zero mode of Pi • • • PkDa is given by a 
zero mode of any of the operators PxiX + r)x and Px(r — T)x constituting 
Pi- ■■PkDa- The lowest spin states with Jx 
operator PA:(r — T)x, and the highest spin states with Jx 
modes of the operator Px(r + T)x- Eventually, we find that the chiral zero 
modes of the Dirac operator Pi • • • PuDq^^ are given by the states where an 
even number of Jx's are the highest spin and the remaining Jx's are the lowest 



^^^Y^ are zero modes of the 
n + ^^^^^ are zero 
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spin. The chirality defined by an eigenvalue of (j3.ip and (j3.2p is 1 for all of 
these states when k is even, and —1 when k is odd. By counting the number 
of these states as in (|5.25p . the index of the Dirac operator Pi • • -P^Dgw is 
evaluated as 



j=0,2,- 



H {2n + mx) n 



E 

i<Xi<---<Xi<fc \xe{Xi,-- ,Xi) 



mx 



(6.13) 

This again reproduces the result (|6.1ip . Incidentally, the states with an odd 
number i of Jx being the highest spin, which we call Jxi , ■ ■ ■ , Jxi , have nonzero 
eigenvalues of the operator Pi - ■ ■ PkDa that is composed of (T — r)^ with 
X £ {Xi,...,Xi) and (F + t)x with X ^ (Xi, . . . , Xi). Those states thus do 
not contribute to the chiral zero modes of the Dirac operator Pi - ■ ■ P^Dq-s^. We 
also note that the states with all Jx being the lowest spin are responsible for 
the term with z = in (|6.13p . giving Y\x=i(~^x)^ which agrees precisely with 
the k-th Chern character of the background gauge fields we are considering. 
This is reasonable since these states correspond to the chiral zero modes in the 
commutative theory. 

The agreement of (j6.12p and (j6.13p to ()6.1ip supports the conjecture (jG.lOp . 
and hence (16.61). 



7 Conclusions and Discussions 

In this paper, we have constructed a topological charge on the fuzzy {S"^)^ 
based on a Dirac operator satisfying the GW relation. Our formulation has 
the manifest gauge invariance and the SO (3) Poincare invariance on each S^. 
Owing to the GW relation, the index theorem is satisfied and accordingly we 
can construct the topological charge. The commutative limit of the topological 
charge was evaluated directly for the fuzzy S'^ x S'^, and it becomes a sum of the 
1st and the 2nd Chern characters. We then have shown that by combining with 
other topological invariants we can define a noncommutative generalization of 
the 2nd Ghern character. We also conjectured a form of the commutative limit 
of the topological charge on fuzzy (S'^)'^ for k > 2. 

We further calculated the chiral zero modes of the Dirac operator for the 
free case and for the monopole backgrounds, and checked the consistency of our 
results. The zero modes of the noncommutative GW Dirac operator on fuzzy 
{S"^)^ consist of the highest spin states and the lowest spin states. The lowest 
spin states correspond to the zero modes of the commutative Dirac operator. 
On the other hand, the highest spin states are zero modes of the operator 
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(r + T)x and do not have the correspondents in the commutative hmit. We 
have indeed found that the chiral zero modes composed of only the lowest spin 
states give precisely the k-th. Chern character on (S"^)^. 

Some comments are in order. In the definition of T in (j3.2p . we first normal- 
ized both of Tx in (j2.2p . and then constructed the normalized chirality operator 
r on X 5^ in (|3.2p . Instead, we can directly construct a normalized operator 
on 5^ X 5^ as 

f' = 1^^' , (7.1) 

with Hx defined in ()2.2p . Defining a Dirac operator as in (j3.6p . with T replaced 
by r', the GW relation (j3.7p and the index theorem (|3.8p are satisfied as well. 
Moreover, as we show in Appendix |Dl the commutative limit of the Dirac 
operator and the topological charge give exactly the same result as (j3.10p and 
(j4.13p . This agreement indicates that the topological quantities are rigid against 
slight modifications of the theories. 

In this paper, we considered the monopole configurations wrapping around 
each 5^ , but it is more interesting if we can construct configurations wrapping 
around higher dimensional space. Then the field strengths whose indices mix 
the different spheres play an important role. It is also interesting, as we have 
studied for the case of fuzzy in ref.[16j, to further extend our formulation 
of the projected index theorem to include more general configurations in the 
Higgs phase, i.e., when the scalar field takes a nonzero vev. 

As we mentioned at the beginning of the Introduction, topological aspects 
of gauge theory on noncommutative geometry may play an important role in 
compactified extra dimensional space in string theory. We can pursue these 
studies further by studying the relation of noncommutative geometry to our 
world and by investigating dynamics of noncommutative gauge theory. (See 
also related works \24:\ [25} 126].) Our formulation given in the present paper to 
define the topological charge and to classify the gauge field configuration space 
on noncommutative geometry will become useful for these studies. 

A Expansion of f in the gauge fields 

In this appendix, we expand the chirality operator T in terms of the gauge 
fields, and provide (|4.2p . 

We first expand the chirality operator Tx on each S^, defined by (j2.2p . We 
decompose Hx into the 0-th and the 1st order in the gauge fields as 

Hx = ax + Px, (A.l) 
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with 

ax = a (^iLi + , I3x = ap{aiai)x ■ (A.2) 

The operators ax and [5x are of order 0{'n?) and 0{n~^), respectively, since a = 

3x 



2/n and Lj is of order n. Since {axY — 1) one has {HxY = l + Px} + I3\- 
We then obtain 



f X = (a + C^') + C^'^ + C^'^ + (A.3) 

where CV ^"^^ order in j3x and hence in the gauge field {ai)x- They are 

written as 



= ^(/3-a/3a)x, (A.4) 
Cj^^ = (--{al3'^ + I3a(3 + j3'^a) + -al3a[3a\ , (A.5) 



=x 2 

\ 16 

5 \ 

aPaPaPa ] , (A.6) 

16 J X 

The operators ax and themselves are 0-th and i-th order in 1/n. However, 
taking the trace over the spinor space with the coordinate matrix space un- 
touched, the operators tro-js^ (ax) and t^^axiCx^) become of order and n"^, 
respectively. 

It then follows that 

{fi, = 2aia2 

+0{n-^) . (A.7) 

While the operators {ai, C^^^}, {as, ci^^}, {Cf\ Cf^} and {ci^\ cf ^} also 
appear at order n~'^, when one considers these terms in [F] in (j4.2p . one 
takes a trace like tro-j^ (ax) and tro-^(Cx^), ^^'^ these terms become of order 
0{n~^). One also has 

[f 1, f 2] = [ai, C^^)] - [a2, ^] + [C?, C?] + 0{n-^) . (A.8) 

Note that (jXSI) is of order 0{n-'^), since the leading term [ai,a2] vanishes, 
and the commutators [ai, P2] and [a2, Pi] are of order 0{n~'^). This is why 
the second term in (|3.4|) is of order O^n"^). 
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Using the identity (j3.4p . the chirahty operator (j3.2p is written as 



1 



1 



r= ^{ri, r2}--{ri, r2}[ri, T2] 

Plugging (jXTl) and (|X8]) into (|X9]) . we obtain ([OD . 



(A. 



B Commutative limit of Tr [Gs] 



In this appendix, we show the equation (j4.1ip by taking the commutative hmit 
of Tr [G5]. Substituting ([Oil into (gZI), we obtain 



1=1 



with 



K5 



1 2 
-— aia2 ([«!, /32] - ["2, , 

1 2 

-— aia2 (a2[ai, /32]a2 - ai[a2, /3i]ai) 



(B.l) 

(B.2) 
(B.3) 



1 

32 



0102 {[ai, /32] - ["2, a2[ai, /32]a2 - "iN, /3i]ai} (B.4) 



1 



aia2 ([ai, /32] - [0:2, A]) /32] + (15 terms) , 



64 

-— aia2[/3i, /32]^ + (15 terms) 



(B.5) 
(B.6) 



where Ki, K2, and are 2nd order, is 3rd order, and is 4th order in 
p. In (jB.SP and ()B.6p . we wrote only a typical term. The remaining 15 terms 
can be similarly written. 

We first calculate the commutative limit of Tr [Ki]. Plugging ()A.2p into 
()B.2p . we obtain 

1 



Tr [Ki 



32 



aV^ Tr 



{a ■ L\{a ■ L)2[{a ■ L)i, (a -0)2]^ 



-((J • L)i{a ■ 1)2 [{a ■ L)i, {a ■ 0)2] [(cr • 1)2, (cr ■ a)i] 



+(1 



(B.7) 



where we omitted subleading terms in 1/n. Taking trace over the spinor space, 
by using the formula 

tr aicTiCFjak] = 2ieijk , (B.8) 

(|B.7p becomes 

1 



-a^p^ Tr' eabcLc^ijkLk[La, ai][Lb, aj\ 

-^abcLc^ijkLk [La, Oj] [Lj, flfe] + (1^2) 



(B.9) 
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where Tr ' is the trace over the matrix space and the gauge group space. The 
indices a, 6, and c refer to the first 5^, while the indices j, and k refer to the 
second S'^ . Then, the commutative hmit of ()B.9p becomes 

-^P'^ J -^-^ti^ [eabcnceijknkidaaidbaj +diaadjai,) + 2da{Pa)idi{Pa)a] , 

(B.IO) 

where (Pa)i = PijCLj with Pij = 5ij — riiTij. (jB.lOp is rewritten as 

~ '^P^ j '^'^^'^^ V^bcnc^ijknkidaoli - dia'^){di,a^^ ' (^•^^) 

where a[ = e^jkUja^ is the tangential component of the gauge field. 
By using the identity 

ai[ai,/52] = -[ai,/32]ai , (B.12) 
a2[a2,/3i] = -[a2,/3i]a2 , (B.13) 

(IB.3P is rewritten as 

i^2 = /?2] - ["2, /5i])'aia2 , (B.14) 

and ([Ri]) is 

= -■^(a2[ai, /32]aia2[ai, /32]a2 + [ai, /32]aia2[ai, P2] 

-a2[ai, /32][a2, /3i]ai - [qi, /32]aia2[a2, + (1 ^ 2)) (B.15) 



By the same calculation that was done for Tr [Ki], we can show that the com- 
mutative limits of Tr [K2\ and Tr [K^] give the same result (jB.lip and twice 
of that, respectively. Therefore, the commutative limit of Tr [Ki + K2 + K^) 
becomes 4 times of (jB.lip . This gives the 2nd order terms in the gauge field in 

dm]). 

We next consider Tr [K4\. By substituting ()A.2p and taking the trace over 
the spinor space, the first term in K/^, which was presented in ()B.5p . gives 
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f^abcLcf-ijkLk {[La, ai] - [Li, aa\) [ah, aj] . (B.16) 
Its commutative limit becomes 



ip'^ j ^^^^(^abcnceijknktr {{eaderiddeai - eiirnnidrnaa)[ab, aj]) . (B.17) 



This is rewritten as 



ip'^ J ^^^^eabcnceijkriktr {{daa'i - dia'a)[a'f„ a'j]) . (B.18) 
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The remaining 15 terms in (jB.SP give the same results. Thus, the commutative 
hmit of Tr [i^4] becomes 16 times of (jB.lSp . This gives the 3rd order terms in 
the gauge field in (|4.11|) . 

We finally consider Tr [K^] . By substituting (|A.2|) and taking the trace over 
the spinor space, the first term in K^, which was presented in ()B.6p . gives 

■^a'^p'^Tr' eabcLceijkLk[aa, ai][ab, aj] . (B.19) 
Its commutative limit becomes 

1 A f (KI2 /r 1\ 

2*° / ^:;;r^:^fa6criceiifc?T-fctr ([oa, ai\[ab, aj\) , (B.20) 
which is rewritten as 



2 J iir iir 

The remaining 15 terms in (jB.6p give the same results. Thus, the commutative 
limit of Tr [K^] becomes 16 times of ()B.2ip . This gives the 4th order terms in 
the gauge field in (j4.1ip . 

Hence we have proved (|4.1ip . 

C Spectrum of the Dirac operator for the free case 

In this appendix, we calculate the whole spectrum of the GW Dirac operator 
for the free case. We here consider the U{1) gauge group, for simplicity. For 
the free case, one has 

(r-f)x = -a{a-L + l)x, (C.l) 
(r + f)x = a(a • (L + , (C.2) 

where {Li)x = {Li — Lf)x is the adjoint operator. Then, the free GW Dirac 
operator (jS.ip is written as 



{a ■ L + l)i{<T ■ {L + L"'))2 + {a ■{L + L^))i{a -1 + 1)2 ■ (C.3) 



Let us begin with an investigation of each fuzzy S"^. Our formulation has 
50(3) Poincare symmetry on each S^, whose generator (Mj)x is given in (j5.7p . 
We now write its eigenstates as 

{Mi)\\Jx,±) = Jx{Jx + l)\Jx,±) . (C.4) 

Each |Jx,±) has (2Jx + l)-folded degeneracy associated with {M^)x- The 
sign lb indicates that this state is obtained from the spin Ix state of {Li)x as 
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Jx = i I • For Jx = ^,|,...,re — |, there exist both | Jx , +) and | Jx i — ) j 
while for the highest spin Jx = n — ^ there exists only |Jx,+). The state 
I Jx) i) is shown to be an eigenstate of the operator (o" • L + l)x as 

{a-L + l)x\Jx,±) = ±(^Jx + l^\Jx,±) ■ (C.5) 
Since we have the relation 

{r-f, r + f}x = , (C.6) 

and, in particular for the free case, 

{a-L + 1, (J- (L + L^)}^ = , (C.7) 
the operator {a ■ {L + L^))x flips the ± sign as 

(cT-(L + L^))x|Jx,±) = Cj^|Jx,T) (C.8) 

with 

Cj^ = ^n^-^-Jx{Jx + l) . (C.9) 

For the highest spin Jx = ^^ — ^, a state \Jx,—) does not exist, and thus 
{a ■ {L + L^))x\Jx, +) niust vanish. Indeed, Cj^ = in this case, as one can 
see from (|C.9p . 

We now come back to S'^ x S^. We consider states specified by the spin Ji 
and J2 of each 5^. We will study the following three cases in turn: 

/ N 1 T 3 1^ 3 

(a) - < Ji < n - -, - < J2 < n - - 

(6) Ji=n-i, 1< J2<n-^ (C.IO) 

(c) Ji = J2 = n - - 

Let us first consider the case (a), where four types of states |Ji,±; J2,±) 
exist. Acting the GW Dirac operator ()C.3P on these states, we obtain 



Dgw{ci\Ji,+;J2,+) + C2|Ji,+; J2,-) + C3IJ1,-; J2,+) + C4IJ1,-; J2,- 
= {Ac2 + Bc3)\Ji,+;J2,+) + {Aci- Bc4)\Ji,+;J2,-) 

+{-Ac4 + Bci)\Ji,-,J2,+) + {-Acs - Bc2)\Ji,-;J2,-) , (C.ll 

with A = |(Ji + ^)Cj2 and B = |(J2+^)Cj^. Diagonalizing -Dqw in this sector, 
we obtain the eigenvalues ±1^ it where two it signs need not coincide. 
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In particular, for Ji = J2, and hence for A = B, there exist two types of 
zero modes. Their exphcit form is given as 

|i) = ^(l^i,+;^2,+) + J2,-> - |Ji,-; J2,+) + |Jl,-;J'2,- 
(C.l2) 

|2) = l(^|Ji,+; J2,+) - |Ji,+; J2,-) + |Ji,-; J2,+) + |Ji,-; J2,-)) . 

(C.13) 

We now study their chirahties. The chirahty operator (j3.ip is rewritten as 

r = — [((7-(L + L^))i(a-(L + L^))2 + (a-L + l)i(CT-L + l)2 

-{a ■ (L + L^))i{a ■ L + 1)2 - (a ■ L + l)i{a ■ {L + L^))2] (C.14) 
Acting it on the above states, we obtain 

r|i) = |2) , r|2) = |i) , (C.15) 

1. We thus have 



2 

where we used ^ 



r^(|i) + |2))=+^(|i) + |2», ri=(|i)-|2))=--L(|i)_|2)). (C.16) 

The zero modes in this sector have both chirahties and do not contribute to the 
index. 

We next consider the case (b), where two types of states | Ji, +; J2, ±) exist. 
Acting the GW Dirac operator ()C.3P on these states, and diagonalizing DqW; 
we obtain the eigenstates as 



Dgw ^(|Ji,+,J2,+)±|Ji,+,J2,-)) 



^/2 

= ±|(ji + 0C^J2 ^(l^i,+,J2,+)±|Ji,+,J2,-)) . (C.17) 

There is not a zero mode in this case. 

We finaUy consider the case (c), where only the states |Ji,+; J2,+) exist. 
Acting the GW Dirac operator ()C.3P and the chirality operator (|C.14p on these 
states, we obtain 

Dgw\Ju+;J2,+) = 0, (C.I8) 
r|Ji,+;J2,+) = +|Ji,+; J2,+) . (C.19) 

They give chiral zero modes and contribute to the index. Recalling that the 
state \Jx,+) has the (2Jx + l)-folded degeneracy, the degeneracy of the chiral 
zero modes is (2 Ji + 1)(2 J2 + 1) = An^. This agrees with the first term in (j4.13p . 

Now we have obtained the whole spectrum of the Dirac operator and checked 
that the chiral zero modes are indeed given by the states that we discussed in 
section 15.11 
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D Commutative limit in the modified formulation 




In this appendix, we consider the modified formulation given by (j7.ip . and cal- 
culate the commutative limit of the Dirac operator and the topological charge. 

By substituting (jA.lh into (jT.ip . and expanding it in (3 and hence in the 
gauge fields, we obtain 

r' = aia2 

+ Q{a2, /3i - ai/3iai} + (1^2) 



/32} - 5Q!ia2{/3i, /32}aia2 + 3{ai/5iai, a2/32a2} 



{f5i, 02/3202} + ai{/3i, /32}ai - 3ai{/3i, a2/32a2}ai 
+a2/3ia2/32 + /3iai/32ai + aia2/3iaia2/32 + a2/3iaia2/32ai 
+aia2/3ia2/32ai + a2/3iai/32aia2 + /3iaia2/92aia2 + (1^2) 

{02, aifil + /3iai + /3iai/3i} + ai/3ia2/3i + /3ia2/3iai + /9iaia2/9i 
+aia2/3ia2/3ia2 + a2/3ia2/3iaia2 + a2/3iaia2/9ia2 

— 3({a2, ai/3iai/3iai} + ai/3iaia2/3iai + aia2/9iai«2/3iaia2) + (1 2) 

. (D.l) 

The first and the second terms in ()D.ip . which are 0-th and 1st order in /3, 
coincide with those of the original formulation, (j4.3p and the 1st order terms in 
(|4.4p . at the operator level, i.e., before taking the trace. Then, the commutative 
limit of the Dirac operator — o~^(r — T') becomes the same one as the original 
formulation, p.lOp . since the commutative limit of the Dirac operator is affected 
by r' only up to order n~^. 

We next consider the commutative limit of the topological charge ^Tr (F + 
r'), which is affected by T' up to order n~'*. While T' and T differ at O{0^) at 
the operator level, the trace of the difference becomes 

Tr [f'-f] = -^^"^^ ["2, /3i]aia2[a2, /3i]-ai[a2, /3i]aia2[a2, /3i]ai 

+Omf) + 0{l3i(32) + 0{(3^) , (D.2) 

where we have written only the terms with Since (|D.2p vanishes in the 

commutative limit, the commutative limit of the topological charge \Tr (F-l-r') 
becomes the same one as the original formulation, (j4.13p . 

(2) (2) 

In the original formulation, the commutative limit of {ai, Q }and{a2, Ci } 
in (|4.4p gave the second order terms in the gauge field in the 1st Chern charac- 
ter. The commutative limit of {Ci^\ C-i^} iii (|4.6p gave the second order terms 
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in the gauge field in (j4.10p . which is a part of the 2nd Chern character . The 
commutative hmit of aia2{[ai, (2^^] — [02, Ci^^])^ iii (|4.7p gave the second order 
terms in the gauge field in (|4.11|) . However, in the modified formulation, the 
corresponding terms are all mixed in the third term in (jP.ip . and it is difficult 
to perform the same calculations that we have done in the original formula- 
tion. While the modified formulation is simpler in the definition since it has 
normalization procedure only one time, calculations are easier in the original 
formulation. 
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